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Ab initio calculations have been performed for hydrogen fluoride, water, and formaldehyde to understand the
influence of an approaching point charge or a point dipole. As a function of the separation distance between
the molecule and the point charge multipole, response properties through as high as the seventh order were
calculated. The response properties were used to evaluate the interaction energy order by order for charges
and dipoles of specific sizes, and these energies were compared with the fully evaluated interaction energy.
Through a considerable range of approach distance, low-order reponse properties were sufficient to yield an
accurate interaction energy. Even the second-order treatment was suitable over a sizable range. This result is
useful for interpreting interaction effects for charged species. It is also useful for constructing model potentials
for ion approach to neutral molecules and for respresenting the long-range parts of proton exchange potentials.

Introduction

There is considerable theoretical insight and calculational
information about protonation of small organic molecules and
about the strong type of hydrogen bonding wherein a proton
takes on the role of a bridging atom,1 as in H5O2

+, for
instance.2-4 Generally, the presence of a species with a net
charge, either positive or negative, leads to a more sizable long-
range interaction with any approaching molecule than would
an uncharged species. Hence, for a protonated species, a cation,
the type of hydrogen bonding in which it can participate seems
quite different from the weak hydrogen bonding that may take
place among neutral species, such as that in (H2O)2. A proton
bridge between molecules can have the strength usually associ-
ated with chemical bonds, whereas that is not likely for hydrogen
bonds among a pair of neutral molecules. The presence of a
net charge, then, is significant. Given that, it is interesting to
analyze the extent to which features of weak hydrogen bonding
among neutrals carry over to protonated systems. This study
addresses part of that issue by examining, via perturbation
theory, the effects of a point charge on three small molecules,
contrasting and comparing that in one case with the effects of
a point dipole which can be an influence in the absence of a
net charge (i.e., the influence of a neutral). Throughout, low-
order perturbation theory analysis provides a remarkably good
accounting of the interaction energetics.

Perturbation theory energies for the influence of a fixed point
charge or other point multipole have an order-by-order associa-
tion with properties. The first-order energy is the interaction of
the molecule’s entire set of permanent moments with the point
multipole. The second-order energy is the polarization energy,
while the third-order contribution is due to hyperpolarization.
Normally, molecular (hyper)polarizabilities are formed as
responses to fields, field gradients, and so on. The dipole
polarizability tensorR yields the dipole induced by a uniform
field, the quadrupole polarizabilityC yields the quadrupole
induced by a field gradient, and so on.5 The electrostatic
potential of a point multipole can be expressed as a power series
expansion in spatial coordinates with the factors in the series
being uniform field components, field gradient components, and

so on, used in forming the conventional response properties. In
this way, the (hyper)polarization response to a point multipole
is implicitly an infinite sum involving these conventional
response properties. In particular, for a point charge (or zeroth-
order multipole)q located in space at (x,y,z) acting on a molecule
at (0,0,0), the polarization energy is

whereR is the dipole polarizability,A is the dipole-quadrupole
polarizability, r is (x2 + y2 + z2)1/2, and the sum continues
through all multipole polarizabilities conventionally defined. In
practice, this expansion is truncated, sometimes with only
R-terms. However, for the strong effects of a point charge, the
adequacy of a chosen level of truncation is a concern. This can
be circumvented formally by simply recasting the response
properties via a straightforward, textbook-level step. Instead of
defining them as responses to the pieces in a spatial power series
expansion of an arbitary external potential (i.e., as responses to
a field, field gradient, etc.), the response can be defined in terms
of external multipoles. The polarization energy of a point charge
q is then

with P00 being the polarizability value associated with the
external influence of a zeroth-order multipole (point charge).
BecauseP00 is equal to what is inside the outermost parentheses
in eq 1, it is clear thatP00 has a geometrical connection to the
external perturbation thatR, A, C, and the other conventional
polarizabilities do not; i.e.,P00 ) P00(x,y,z). At any given spatial
position (x,y,z) of the perturbing charge,P00 can be evaluated
by ab initio methods, and in so doing, no truncation over
conventional multipole polarizabilities is required. The informa-
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tion contained in the infinite set of conventional multipole
polarizabilities is thereby mapped into a representation, one with
an infinite number of values due to the geometry dependence.
The first task of this report is to show, in part, the nature of
that geometry dependence for a few small molecules.

In addition toP00, there must exist polarizabilities associated
with point multipoles of order greater than zero and, with that,
come mixed multipole polarizabilities analogous to a dipole-
quadrupole polarizability, for instance, in the conventional set
of response properties. For convenience, we shall adopt/extend
Applequist’s polytensor organization6 in distinguishing these
properties. That is, an index value of 0 means a point charge,
1 means thex-component of a point dipole, 2 means the
y-component, and 3 means thez-component. The index 4 means
the xx-component of a perturbing point quadrupole, 13 means
the xxx-component of a point octupole, and so on. Hence, the
recast set of polarizabilities will includeP01, P11, P02, P12, P22,
and so forth, with the two indices corresponding to two index
values from the multipole list. The first hyperpolarizabilities
will have three indices.

To find the Pnm properties by ab initio calculations, one-
electron operators that correspond to the perturbations are
needed. For conventional properties, we might start with a
uniform field in thex-direction Vx, which gives a perturbing
Hamiltonian,

whereµx is the usual dipole moment operator, a one-electron
operator whose matrix representation can be readily evaluated
in a basis set of Gaussian atom-centered functions in typical ab
initio calculations. For an external point chargeqpt, the perturb-
ing Hamiltonian is

The sum is over the chargesqi in the molecule, the electrons,
and nuclei, andrpt-i is the distance fromqpt to theith charge in
the molecule. A matrix representation of this operator in a basis
of Gaussian functions is a standard evaluation, one normally
done to give the electrostatic potential at the (x,y,z) location of
qpt. For both types of response properties, the necessary one-
electron operators can be generated to any order.7 Table 1 lists
the form for several of lowest order.

For anyH(1) associated with an external electrical influence,
there is a parameter that multiplies a given one-electron operator,
such as those operators in Table 1. The derivatives of the
molecular eigenenergy with respect to these parameters are the

response properties. Second derivatives are polarizabilities. Third
derivatives are the first hyperpolarizabilities. Table 1 shows the
parameters that are associated with each operator.

For some parameterF, a series expansion of the molecular
eigenenergy is

The energy derivatives are the response properties, e.g.,
(∂3E/∂F3)|F)0. The perturbation theory equivalent of eq 5 is

The perturbation corrections to the energy are directly obtained
via the response properties. While the details of the special
response properties being used here need to be clearly identified,
there is nothing novel or even complicated in working with this
form. Of importance is that using the point multipole response
properties instead of a truncated set of conventional properties
removes their truncation error. That in turn is essential to assess
perturbation theory treatment order by order. What develops is
a useful perspective on interactions where there is a charged
species. The results from the calculations show that, with no
more than theF2 term in eq 6, long-range interaction energies
as strong as around 30 kcal/mol are well reproduced. Going to
truncation at third order extends the range over which the
energies are well reproduced much more. Such simplicity
implies the means for constructing potentials and for represent-
ing parts of interaction surfaces concisely.

Calculational Approach. All calculations employed the
doubly augmented correlation consistent bases, aug-2-ccpVTZ.8

An initial set of calculations was done for a proton approaching
hydrogen fluoride along the H-F axis from one side and then
from the other. Hydrogen basis functions were used at the
approaching proton center. The bond length of HF was fixed at
0.92 Å. The correlation effect was evaluated at the MP29,10and
at the coupled cluster11-15 level of single and double substitu-
tions (CCSD) using a minor approximation16,17 that has been
shown to be very faithful to the nonapproximate form.18 Figure
1 compares the relative or interaction correlation energies from
MP2 and the coupled cluster treament for both approaches.
Differences at long range are very small, and even in the very
close-in region where there is the worst deviation in the curves,
the higher level treatment changes the total interaction energy
by less than 2%. Furthermore, as the selected values in Table
2 show, the correlation contribution from MP2 evaluation
remains quite small until the total interaction energies become
greater in size than roughly 100 kJ mol-1.

TABLE 1: One-Electron Operatorsa and Peturbative Parameters for Response Properties

conventional form point multipole form

multipole order
operator

(potential, field, gradient) parameter
operator

(charge, dipole, quadrupole) parameter

0 ∑iqi V0 ∑i(qi/rpt-i) qpt

1 ∑iqixi Vx ∑i(qixi/rpt-i
3 ) µpt-x

∑iqiyi Vy ∑i(qiyi/rpt-i
3 ) µpt-x

∑iqizi Vz ∑i(qizi/rpt-i
3 ) µpt-x

2(xx)b 1/2∑iqixi
2 Vxx ∑iqi[(-1/rpt-i

3 ) + (3x2/rpt-i
5 )] Qxx

N(xN)b 1/2∑iqixi
N VxN ∑iqi(∂N/∂xpt-i

N )(1/rpt-i) MxN

a The sums over the indexi are over the electrons and the nuclei in the molecule.b Conventional mutipole operators are given in Cartesian form
and can be transformed to spherical form.
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The primary effect of a proton approaching HF develops at
the SCF level. For both axial approach directions, the correlation
effects on the interaction energy are in the direction of offsetting
part of the SCF interaction energy. We also note from the values
in Table 2 that the lingering basis set superposition error is small.
Counterpoise correction was performed in every calculation, but
with the basis used, the corrections are tiny.

Following the calulcations on HF, like calculations (SCF and
MP2 with the aug-2-ccpVTZ basis) were performed for a point
charge approaching formaldehyde and approaching water. The
fixed geometry of formaldehyde from an ab initio calculation19

was 1.111 Å for the CH bond length, 1.205 Å for the CO bond
length and 116.1° for the HCH angle. The approach direction
for the proton was toward the oxygen, collinear with the C-O
bond. The geometry for water was 0.957 Å for the bond length
and 105.2° for the angle, and the proton approach was along
the C2 symmetry axis toward the oxygen.

Derivative Hartree-Fock (DHF) calculations20 were per-
formed for hydrogen fluoride, for formaldehyde, and for water
to find response properties at the SCF level for a point charge
at a given position in space relative to the molecule. This is
readily done by finding the one-electron operator for a point
charge while taking the size of the charge to be the variable of
response (parameter). That is, the DHF scheme was used in
this type of a calculation to analytically evaluate the first

derivative, second derivative, third derivative, and so on, with
respect to the amount of charge at the point.

A further set of calculations was performed for hydrogen
fluoride experiencing a point dipole instead of a point charge.
A generalized operator program7 was used to obtain the one-
electron operator matrix for a point dipole in the Gaussian basis,
and DHF calculations were performed to yield the associated
response properties. Then, SCF and MP2 calculations were
carried out with that one-electron operator multiplied by a value
of 1 au (2.5418 D) and added to the one-electron part of the
Hamiltonian. This procedure yields an evaluation of the full
interaction energy for an approaching dipole of 1 au.

Results and Discussion

The calculated response properties of hydrogen fluoride to
an approaching point charge collinear with the H-F axis are
shown in Figure 2. The first derivative curve corresponds to
interaction of a point charge with the permanent charge field
of the molecule. At long range, this is attractive from one end
and repulsive from the other. The curves for the higher order
derivatives show mostly an increase in their size as the
separation distance from the molecule is diminished. To show
how these properties contribute to the interaction energy via eq
5, we select+1 as a representative size of an approaching
charge, i.e., a proton, and apply eq 5 order by order. Figure 3
shows a comparison of the results of SCF evaluation of the
energy of a proton interacting with HF and the results of an
evaluation based on the DHF response properties displayed in
Figure 2. The energy through second order, which is with the
inclusion ofP00, nicely follows the complete interaction curve
at the SCF level through interaction strengths of 130 kJ mol-1.
Over this range, the expansion is essentially converged by fifth
order. (Treatments through third and fourth orders are not shown
because of congestion in the plot, but both curves lie between
the second- and fifth-order curves.)

Qualitatively similar to the results for a point charge
approaching HF are the results for a point charge approaching
the oxygen end of formaldehyde. While the fifth derivative
response property of H2CO has minimum at a close-in distance
of about 1.3 Å in the charge-oxygen separation, the response
properties otherwise increase in size with decreasing distance
at least down to a separation of 1 Å. They are not unlike the

Figure 1. For the collinear approach of a proton to hydrogen fluoride,
the correlation energy is shown relative to that at infinite separation
(i.e., the intereaction correlation energy). Curves are given for correla-
tion energy obtained at the MP2 level and at a more extensive level of
coupled cluster theory (CC). The correlation effect is more sizable for
approach of the proton to the proton end of HF, but it is smaller
throughout than the SCF energy changes.

TABLE 2: Examples of the Sizes of the Counterpoise
Corrections and Relative Interaction Energies for Collinear
Approach of a Proton to Hydrogen Fluoride, HF‚‚‚H+

counterpoise correction (au) interaction energy

F-H+

separationa

(Å)
SCF

energy

MP2
correlation

energy
total

(kJ mol-1)

% from
correlation

(MP2)

-3.4 0.000017 0.000002 61.3 7.2%
-2.8 0.000025 0.000023 85.2 12.3%
-2.2 0.000053 0.000048 103.4 25.0%

2.0 0.000070 0.000220 -116.1 -1.8%
3.0 0.000014 0.000037 -44.6 -6.7%

a Negative separation distances correspond to H+-HF structures,
whereas positive values correspond to HF-H+.

Figure 2. Dependence of low-order derivatives (au) of the SCF energy
of HF with respect to the amount of chargeq placed along the HF
axis. The point charge approach corresponds to (a) HF-q and (b) q-HF.
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properties shown in Figure 2 for the approach of the point charge
to the fluorine end of HF. Interaction energies for H2CO shown
in Figure 4 compare the eq 5 expansion with the full interaction
at the SCF level. The adequacy of a second-order treatment is
similar to that for HF, with higher orders rapidly converging to
the SCF interaction.

The comparisons of the perturbative expansions have been
with SCF energies because the derivatives are readily evaluated
at the SCF level and because the correlation effect has a small

role. This is apparent by comparing the correlation contributions
to the interaction energy for HF in Figure 1 with the SCF
interaction energies in Figure 3 and again for H2CO by the
comparison in Figure 5. Though the focus here is on the SCF
interaction, nothing precludes working with correlated response
properties as a way of recovering the small correlation part of
the interaction.

The next step is comparison with a point dipole. This is a
perturbation which can be associated with approach of a neutral
molecule since there is no net charge. Of course, it is not a
complete representation of a real molecule nor is it meant to
be. The idea is to compare influences that are alike in the sense
of being point multipoles. Figure 6 shows SCF and correlated
interaction curves for a dipole of 1 au size aligned with the
molecular axis and approaching HF from the fluorine end. There

Figure 3. SCF interaction energy (au) for a proton collinear with HF
is shown along with an evaluation of the energy based on point-charge
response properties. These evaluations are through the second, fifth,
and seventh orders and are shown for the region in which the size of
the interaction energy is up to about 150 kJ mol-1. The proton position
relative to the fluorine corresponds to (a) HF-H+ and (b) H+-HF.

Figure 4. SCF interaction energy (au) for a proton approaching
formaldehyde along the C-O axis is shown along with an evaluation
of the energy based on the point-charge response properties. These
evaluations are through the second, third, and fourth orders.

Figure 5. Energy of interaction for the approach of a proton to
formaldehyde along the CO axis and from the oxygen side is shown at
the SCF level and with correlation energy from MP2 included. The
correlation energy provides only a small refinement of the interaction
from far out to as close as 1 Å.

Figure 6. Energy of interaction of HF for the approach of a point
dipole that is 1 au in size and aligned with the molecular axis is shown
at the SCF level and with correlation energy from MP2 included.

Approaching Point Charges and Point Dipoles J. Phys. Chem. A, Vol. 107, No. 20, 20034199



is a minimum in the interaction curve, and correlation effects,
though small, are most noticeable in the region around this
minimum. The DHF response properties for a point dipole are
shown in Figure 7 and the results of applying an order-by-order
perturbative treatment are in Figure 8. The first-order curve has
the qualitative behavior of the full interaction, but the quantita-
tive reliability stands out at second order with essentially a
converged result at third order.

With the result that the role of the low-order response is
similar for a molecular-sized point dipole as for the relatively
drastic influence of a point charge, it is useful to examine in
greater detail certain of the differences. Figure 9 gives a closer
view of that displayed in Figure 3a but with the interaction of
the approaching point charge and the permanent charge field
of the molecule removed (i.e., without the first-order energies).
This isolates the polarization and hyperpolarization contribution
to the interaction. The error of the second-order treatment is
clearly seen to develop close-in. Inclusion of the third-order
response (first hyperpolarizabilityP000) brings the curve a step
closer to the full interaction curve based on the SCF energies.
Another curve in Figure 9 is that obtained by evaluating the

polarization energy that arises from an approaching point charge
via the conventional dipole polarizabilityR. This curve is not
seriously in error, and the use ofR alone in interaction models
even involving charged species has some attributes. However,
the shape of the curve differs from the other three. This is
because it descends too quickly as the approach distance
decreases. At the same time, for part of the evolution of the
protonation process, this overvaluing of the polarization energy
makes up for the neglect of the energy associated with
hyperpolarization. In developing potential models, there is
always some tradeoff between complexity of the potential and
accuracy,21 and hence, there are certainly applications where
models incorporating no more than the response associated with
R are reasonable and appropriate.

The fact that the energetics of charge and dipole approach to
a neutral closed shell molecule are well reproduced via low-
order response properties suggests a model for interaction
potentials on the basis of simply selecting a truncation point in
the order of response included. One possible application of such
modeling is in the potential surfaces for proton exchange
between two neutral molecules, e.g., A‚‚‚H+‚‚‚B. If response
properties for A and B are in hand, then using them for the
A‚‚‚H+‚‚‚B system in the simplest modeling effort (second
order) amounts to treating the A‚‚‚H+ and H+‚‚‚B interactions
as additive. Test calculations using A) B ) water show how
well this additivity approximation holds, and the results are given
in Figures 10 and 11. In these calculations, two water molecules
were arranged in a plane so as to haveC2V or D2h symmetry
with the oxygen ends toward each other, i.e., H2O-OH2. There
are a number of high-level ab initio calculations,2-4,22-26 and
out of these, the equilibrium structure of H2O5

+ is known to be
of lower symmetry (nonplanar); however, the planar constraint
used here includes a representative surface region with sub-
stantial interaction, and this higher symmetry has a computa-
tional advantage. Results shown in Figure 10 are the interaction

Figure 7. Dependence of low-order derivatives (au) of the SCF energy
of hydrogen fluoride with respect to the size of a point dipoleµx placed
along and aligned with the HF axis and on the fluorine end of the
molecule.

Figure 8. SCF energy of interaction of HF for the approach of a point
dipole 1 au in size aligned with the molecular axis and on the fluorine
end is shown along with an evaluation based on point-dipole response
properties.

Figure 9. Part of the interaction energy (au) not associated with the
permanent charge field of HF is shown for a proton collinear with the
molecule and on the fluorine end. This part of the interaction energy
has been evaluated completely at the SCF level (heavy solid curve) by
subtracting the permanent charge field interaction, which is the first-
order perturbation theory energy, from the SCF energy. The second-
order energy is shown with a light, solid curve. (This energy combined
with the first-order energy is in Figure 3a.) The sum of the second-
and third-order energies is shown by a broken line. The second-order
energy based on using the conventional dipole polarizability only, not
on the point charge response property, is shown by the dashed line.
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energy curves for a proton placed symmetrically between the
two waters withD2h symmetry maintained. Results shown in
Figure 11 are for fixed oxygen-oxygen separations of either 5
or 6 Å with the proton’s position varying from one side to the
other. In both figures, there is a curve showing the SCF
interaction energy (“full”) and a curve based on independent
(SCF) evaluations of the proton interacting with each water
(“indep. int.”). The latter curve is the sum of the interaction

energies calculated for a proton with the left-side water and a
proton with the right-side water, these energies being the ones
that can be very well reproduced via low-order response
properties. The extent of additivity, or independence, of the
interactions is shown by the curve in Figure 10 labeled
“difference” and by the closeness of the pairs of curves in Figure
11. The nonadditive parts remain as a small share over a
considerable range of interaction with the significant growth
of nonadditive pieces occurring as the waters become close.
Notice from Figure 11 that, with proton interaction energies of
as much as 700 kJ mol-1, nonadditivity happens to remain small.
On the other hand, the information in Figure 10 shows that this
is so only for relatively long water-water separations. When
the oxygens of the waters are 3 Å apart in aD2h structure, the
nonadditivity is approaching a fourth of the interaction strength.

We cannot argue that the nonadditive parts of the proton
bridging interaction in the water-water cluster are ignorable,
because they eventually do become sizable with closer separa-
tions. However, for the purpose of developing potential surfaces
to describe proton transfer, it seems clear that there are extensive
regions, both in terms of interaction energy and spatial dimen-
sions, where the proton’s interaction with monomer subunits is
so nearly additive that very simple modeling is likely to be
effective. Furthermore, part of the source of nonadditivity, the
mutual electrical interaction of the monomers on being polarized
by the bridging proton can be included easily in a model. Most
important at this stage is that the results point to a compact
representation for a protonation potential at long range. In
practice, a second- or third-order potential could be spliced to
a fully evaluated, close-in ab initio potential at some appropriate
distance. This would ensure an accurate form for the potential
without explicit ab initio calculations for the long-range parts.

The calculations reported here show that rather low order of
response provides good potentials. All that is necessary are
response properties, and low-order ones at that, for isolated
molecules. There is, therefore, usefulness in collecting these
properties for small molecules where there are interesting proton-
bridging systems, such as certain amino acids.

Conclusions

Correlation effects on the protonation potential of HF-H+

and H2CO-H+ are small. Especially at long range, the dominant
part of the interaction, is via the SCF energy. SCF response
properties through only the second order (i.e., polarization) were
found to describe the interaction in the test molecules HF, H2O,
and H2CO for an approaching point charge at long range. The
onset of protonation clearly starts as a simple electrostatic
response, and this means that it can be modeled in rather simple
form. In that, the approach of a point dipole instead of a proton
develops similarly. Casting the response properties in terms of
point multipole responses rather than the more conventional
field/field gradient responses strictly isolates the order-by-order
effects and shows the effectiveness of low-order analysis.
Significant in this work is a good amount of additivity of the
proton interaction in the A‚‚‚H+‚‚‚B system of A) B ) water.
That helps in using low-order response properties intrinsic to
the molecules to model the A‚‚‚H+‚‚‚B proton-transfer potential.
Combined with models for long-range, weak interaction among
neutral species, e.g., A‚‚‚B potentials, complete model schemes
for proton bridging in large aggregations may result.
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Figure 10. The interaction energy (au) for a proton placed between
two water molecules with an overallD2h symmetry structure. The
horizontal axis is the distance of the proton from either oxygen atom.
The energy designated “full” is the ab initio energy of the H5O2

+ cluster
less the energy of the cluster without the central proton, i.e., a water
dimer structure. The other energy is twice the ab initio interaction energy
corresponding to the arrangement of a proton and a water molecule as
in the H5O2

+ cluster. This is the energy of a proton interacting with
two waters independently.

Figure 11. The interaction energy (au) for a proton placed between
two water molecules with an overallC2V symmetry structure. The
oxygen-oxygen separation distance is 6 Å in theupper two curves
and 5 Å in thelower two curves. The horizontal axis is the distance of
the proton from the midpoint of the line between the two oxygen atoms.
The energy designations are the same as in those in Figure 10.
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